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Abstract 

We study futher the recently developed formalism for the axial 
gauges toward the comparison of calculations and of the renormaliza- 
tion procedure in the axial and the Lorentz gauges. We do this in the 
1-loop approximation for the wavefunction renormalization and the 
identity of the /5-functions in the two gauges. We take as the starting 
point the relation between the Green's functions in the two gauges 
obtained earlier. We obtain the relation between the 1-loop propaga- 
tors in the two gauges and locate those diagrams that contribute to 
the difference between the wave-function renormalizations in the two 
gauges. We further employ this relation between the Green's functions 
to the case of the 3-point function and prove the identity of the beta 
functions in the two gauges. 
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1 Introduction 



Calculations in the standard model have been done in a variety of gaugesjTj. 
Among these, the two of the most commonly used are the Lorentz and the 
axial gauges (2[ Ej. The axial gauges have generally been treated so far by 
means of a prescription of some kind 0E] and the contact with the results of 
the Lorentz gauges is established only at the end of the calculation of a given 
physical observable. Thus, so far the procedure used during the intermediate 
stages of the calculations and of renormalizations, that have been carried out 
in these two gauges, has been totally unrelated. The veracity (or otherwise) 
of the gauge-independence of the results for observables (and therefore the 
correctness of prescription) is known only at the end. In fact, in literature, 
discrepancies have occasionally been reported between the results of the two 
gauges. 

Recently, we have emphasized jH [H| the need to carefully deal with the 
boundary condition term (the e — term) while defining the non-covariant 
gauges via interpolating gauges. We have also emphasized |6l Ej the delicate 
and, a priori risky nature of the path-integral for the non-covariant gauges 1 . 
We have also seen there that imposing a prescription by hand may not nec- 
essarily be compatible with the symmetries of the problem. These point to 
a need for an additional care while formulating non-covariant gauges. 

The author, with a number of coworkers (Misra, Mandal, Bandhu), has 
recently developed a formalism for the non-covariant gauges that enables 
one to construct the non-covariant gauge path integral that is compatible 2 
by construction with Lorentz gauges ED] and does not impose a prescrip- 

J It should be emphasized that the results in are not necessarily to be thought of 

as being due to illegitimate manipulations of these path-integrals. There is a correlation 
between the Feynman rules approach to QFT and the Lagrangian path-integral approach 
and these problems could be translated in the language of the Feynman rules approach. 

2 By this, we mean that the expectation value of any gauge-invariant operator is the 
same for both the gauges (made already well-defined) in this formalism. If one imposes 
a prescription by hand, this equality may not generally hold: recall the case of CPV in 
temporal gauge jjj]. 
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tion by hand. In this formalism, one takes care of the boundary condition 
term correctly in an intrinsic fashion. Such a path integral directly takes 
care of the axial pole problems and has been employed to derive the correct 
treatment of the axial poles [101 E]. It has also been employed to address to 
the problems associated with the Coulomb gauge [12]. In this formalism, it is 
possible to relate the Green's functions in the two gauges by a simple relation 
[HI ITU] (See Eq.JJJ)). This relation, obtained via a field transformation in the 
BRS space [HI El], intrinsically incorporates the correct way of handling the 
axial poles [TQl E] and preserves the expectation value of all gauge invariant 
observables PUB]. In this work, we further explore applications of this result 
for the renormalization procedure in these two gauges. 

We would like to compare this work with the earlier works on the renor- 
malization of gauge theories in the axial-like (including the light-cone) gauges. 
For the light-cone gauge, results regarding the counter-term structure (to- 
gether with the problem of non-local divergences) have been worked at for 
the Leibbrandt-Mandelstam prescription (THj. For the axial gauges other 
than the light-cone gauge {rj 2 ^ 0), results regarding the (local) nature of 
counter-terms have been developed for the CPV (Cauchy Principal Value 
prescription) to all orders of perturbation theory [2]. However, as has been 
known, the axial gauges defined with CPV do not necessarily yield results 
consistent with the Lorentz gauges [HI E] 3 - Attempts have been made to 
develop results related to the "uniform prescription" which is a prescription 
constructed for the axial gauges by analogy with the Leibbrandt-Mandelstam 
(LM) prescription for the light-cone gauges 0IS]- Like the LM prescription, 
it has non-local divergences. It has been developed upto 1-loop approxima- 
tion. 

In this work, we shall address to some of the various questions that will 

help make this formalism useful in additional directions. Among the possible 

3 That such a possibility is always imminent when a prescription is imposed should be 
apparent, in particular, from the conclusions of [Hill]. 
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applications of this formalism would be to develop techniques that will (i) 
correlate the calculations in the two gauges (ii) correlate the renormalization 
programs in the two gauges, and thus (iii) develop theoretical techniques to 
establish the gauge-independence of observables. It also remains to establish 
a renormalization procedure for the axial gauges so constructed. One of the 
essential results necessary in this direction is the investigation of the nature 
of divergences in these gauges. We have made a preliminary investigation of 
this at one-loop level and found only local divergences (THJ in the propagator. 
We shall find this result useful in this work. Unlike the uniform gauges and 
the Leibbrandt-Mandelstam prescription for light-cone gauges (which are "2- 
vector" prescriptions 0E]), we could expect only local divergences. We shall 
leave the issue to a future work. 

Suppose we work in a given class of gauges, say the Lorentz gauges with 
a variable gauge parameter A . We can, then, relate the gauge-dependence 
of the Green's functions and of the renormalization procedure (and in par- 
ticular of the renormalization constants) for gauge parameters differing in- 
finitesimally. This procedure can be established based on the early works 
on the renormalization of gauge theories (Ul[T2j. We show that an identi- 
cal procedure can be developed for comparing renormalization procedures in 
totally different classes of gauges such as the Lorentz and the axial gauges. 
(However, there are major technical differences/difficulties in the present case 
arising from properties of the propagator denominators and regarding power 
counting etc). As an example, we shall establish this connection for the renor- 
malization constant for the gauge field and for the beta function both in the 
one loop approximation. We show, in particular, that the renormalization 
constants in the two gauges for the gauge field can be related by a simi- 
lar procedure as was possible for two sets of gauges differing infinitesimally 
within a given class of gauges. In particular, we show [without explicit cal- 
culation] the result that the one loop beta function for the axial and Lorentz 
gauges in the minimal subtraction scheme are identical. Our results indicate 
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that it is generally possible to compare the renormalization procedures and 
observables in two distinct classes of gauges with comparative ease. 

We shall briefly state the plan of the paper. In section 2, we shall review 
the formulation of references [HI EH that relates the Green's functions in the 
two gauges. In section 3, we shall apply this relation to obtain the relation 
between the 1-loop propagators in the two gauges and locate those diagrams 
that contribute to the difference between the wave-function renormalizations 
in the two gauges. In section 4, we shall apply the relation between the 
Green's functions to the case of the 3-point function and prove the identity 
of the beta functions in the two gauges. 

2 Preliminaries 

2.1 The Formulation 

We work in the axial-type gauges with a gauge parameter A and 

and regard r] ■ A = as the A — > limit of the above family of gauges. We 
also have the ghost action: 

S th = ~J d 4 xc^D,c 

In the references 011131, we established a procedure for correlating the path 
integral for the axial gauges to that for the Lorentz gauges using a field trans- 
formation called the FF-BRS transformation [THl Ej: a generalization of the 
BRS transformation. We noted that the proper definition of Green's func- 
tions in axial gauges is not possible unless the procedure for the treatment of 
the ^-type singularities is first established. In the references [10113, we S ave 
a procedure for doing this in a manner compatible with the Lorentz gauges. 
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The proper definition of the Green's functions in the (covariant) Lorentz 
gauges requires that we include a term — ie J d 4 x(^A 2 — cc) in the effective 
action that, in particular, determines the boundary conditions to be asso- 
ciated with the unphysical degrees of freedom. Similarly, proper definition 
of the axial Green's functions in Axial-type gauges requires that we include 
an appropriate e-term.The correct e-term in the axial-type gauges can be 
obtained by the FF-BRS transformation that connects the path integrals in 
the Lorentz and the axial gauges as was done in (TQl lH| - We gave two al- 
ternate forms for the relation between Green's functions in the two sets of 
gauges [H]. It was shown [TO] that the effect of this term on the axial gauge 
Green's functions is expressed in the simplest form when it is expressed in 
the relation (JTJ) given below and happens to be simply to add to SMj(A, c,c) 
the same — ie J d A x(\A 2 — cc) inside the K-integral. Thus, taking care of the 
proper definition of the axial Green's functions, these Green's functions are 
given in the present formalism by [T?H E] 

((0[4>])) A = 

+ ifdnj Dcj)exp {iS% f [<j>, «] + e J d^x^A 2 - cc)\ 

. E^ + ^DH©'^) (1) 

where 0' has been determined in Ref. [TJJ [TJ] and is given 

6'[0] = i J d 4 yc\y) \d.A\y) - V .A\y)] (2) 

and S%ff[(j), k] is the effective action for the mixed gauge function F[A, k] = 
(1 — K,)d.A' r (y) + K'n.A 1 (y) and 5i»[0] + /c52i[0] stands for the BRS variation for 
(f> for the mixed gauge [H]. As discussed in Ref. [H], a given Green's function 
to a given finite order can be evaluated by means of a finite set of diagrams 
with vertices from the Lorentz gauges and the BRS variations together with 
the propagators and ghost-ghost-gauge vertex from the mixed gauges. A 
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K-integral is also required to be performed. 

For example, consider 0[<j>) = A°(x)A$(y). Then, ((A°(x)A$(y))) A = 
iG^ l3 (x — y) for the connected part. Then, in obvious notations, ((TJ) reads, 

iG*f{x-y) = iG L ^(x- y ) 

- / <1h I D<u, T ,{ iS;" rr \n, K ] + e J d 4 x(^A 2 -cc) 



f dn J Dcfiexp iiS^jf 
[D,c a (x)A^y) + A a (x)D u c^y)} 



<fzc 1 {z)[d.A-r].AX f {z) 



(3) 



The above relation gives the value of the exact axial propagator in the above 
formalism. The result is exact to all orders. As mentioned earlier, to any 
finite order in g, the right hand side can be evaluated by a sum of a finite 
number of Feynman diagrams. In this work, we shall discuss some of the 
further applications of these results to the comparative renormalization in 
the axial and the Lorentz gauges. 



2.2 Additional Feynman Rules 

For completeness, we shall give the mixed gauge propagators that enter the 
Gauge boson propagator iG°^f(k, k) 



Feynman diagrams that arise from SHA(f), k] and new vertices: 



_ -1 ( | Ak^k v +B{k^ri v +k v ri ll )+C{k ll ri v —k v ri li )+Sri ll ,ri v \ (a\ 

— k 2 +ie V J w 

with 

-K 2 r 

V 



(k 2 + is) 



h " \r].k) 2 -rfk 2 + {k 2 + rf){k 2 + ie) + 2k 2 K - ieX - k 2 
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• Ghost propagator iG 0M (k, k) (ghost carries momentum k) 

&M ( k > K ) = 7 1U 2 1 ■ I ( 5 ) 

[K — lJfiT — IKK.T] — IE 

• (fc^A^vertex (antighost field brings in momentum k) 

-i[-ik»{l-K) + K^]g Q r^ (6) 

• anti-ghost-gauge boson Vertex arising from — iQ' (antighost field brings 
in momentum k): 

(-•*„ - V ^ (7) 

For future reference, we note that for a 4-vector e M satisfying e.k = = e.rj, 
the gauge boson propagator of Q satisfies, 

e' x G ]f(k, k) = — jy~~~- = a Q uan tity independent of k (8) 
k ~~\- 1£ 

3 Relation Between Wavefunction Renormalization Constants 
For the Axial and the Lorentz Gauges 

The aim in this work is to develop a way to compare the calculations and 
the renormalization procedure in the two gauges. With this in view, in 
this section, we shall derive, as an application of (JH]), the relation between 
the wavefunction renormalization constants for the axial and the Lorentz 
gauges. The derivation is based upon the relation JTJ that gives an arbitrary 
Green's function in the axial gauges [with proper treatment of singularities 
automatically included] in terms of the Green's functions in the Lorentz 
gauges. In the next section, we shall address to the calculation of the the 
3-point function and in particular, the /3-function. 

We shall start with the relation JTJ as applied to the 2-point function viz. 
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that given by (j3J in one loop approximation. In doing so, we need to keep 
terms of 0(g 2 ) in the equation @. 

We note that to extract the wavefunction renormalization constant in the 
axial gauges from this relation, we need to obtain only those terms in this 
relation that are proportional to g^ v . We start from Eq.fJHJ): 



in the one loop approximation. The second term on the right hand side can 
be evaluated by drawing all one-loop diagrams with one insertion each of the 
composite operators D^c a (x) and / d A zc 1 {z)[d.A — r/.A^^z); we need to take 
only the connected parts of these terms. These diagrams are functions of k , 
and a K-integral is to be performed in the end. These diagrams are as shown 
in Fig.l [fig. (1A)-(1D)]. There are also 4 more diagrams obtained by Bose 
symmetrization(x, a, fi) <-> (y, (3, v). 




conn 



(9) 
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FIGURE 1 

Diagrams contributing to the last term in (9) 

We consider the relation @ in the momentum space. Let p^ be the 4- 
momentum of the gauge boson entering at x. Then each term in (JSJ) has the 
form, 

9^A' + ^p v B' + r} uPtl C' + PtlPu D' + V ^E' (10) 

where A', E' are functions of p 2 ,r] 2 ,r].p . To find the relation between 

the wave function renormalization constants in the two sets of gauges, it is 
sufficient to pick up terms proportional to g^ u in each of the three terms in 
(JUJ). These are easily projected from this relation by contracting it with a 
4-vector e M with the properties that e.p= = e.r] and e 2 ^ 0. 
Now, we express 

Div{e^G L ^(p,r 1 )} = (11) 

1 p > p z + IE 

We note that the digram 1(C) has terms that are necessarily proportional 



10 



to either p^ or n^ and hence do not contribute on contraction with e M ; a 
similar statement holds for the diagram obtained by Bose-symmetrization. 
The diagram (ID) vanishes on account of the antisymmetry of the structure 
constants [we assume a semi-simple gauge group]. We thus need to consider 
only the diagrams 1(A) and 1(B). We shall call the 1PI parts of these digrams 
[i.e. the ones obtained by setting aside the gauge propagator ] as D A 
and D^. The tensorial structure of each of these is of the form of (fTU|) . The 
net contribution from these diagrams reads 



G av (j>) + terms obtained by Bose — symmetrizationj 

(12) 

We consider the [D^ a + D^} and note that it is a dimensionless tensor of 
rank two constructed out of g^uiP^Vn- Moreover, as A — > 0, the theory is 
invariant under a uniform scaling rj^ — > £77^. Hence, we parametrize: 



dn I 



D A + D B 



\D% + D%] = \ Bg,„ + + + + (13) 

i* n 2 \ p 2 rj.p rj.p n 2 J 

where A, B,C, D, E are dimensionless scalar functions of n 2 ,p 2 ,rj.p and k. 
In fact, since there is only one scalar that is invariant under scaling of 77, 
viz- ^2 ; they are all functions (possibly) of this variable. When ([TTIj) is 
substituted in (JT2l) and is contracted with e fl e u , only the g av type terms in 
each of D^ a and G°J^ contribute. Then, the net result for the diagrams 1(A) 
and 1(B) are given by, 

[1(A) + 1(B)] = ifdK [rfa + Dl] G™{p)e^ 

+ terms obtained by Bose — symmetrization 



1 / (v-p) 2 ^ 



duB e, k, — — — — — e 



1 „2 



rfp 2 I p 2 + is 
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Div [1(A) + 1(B)] = Div J^dnB^K, 



(rj.p) 



2- 



x z^r-/ (14) 



rj z p z J p z + ie 

As confirmed by the calculations in [18j, the divergence above is a local 
quantity in co-ordinate space (i.e. independent of ), so that 

Div f 1 dnB (e, k, ^yt] = B(s, rf). (15) 
Jo \ VP/ 

Further, with this input, we can parametrize 

Div \e^e v G^f(p, r))\ = -5 a(3 ^- e 2 . (16) 
L ^ > p 2 + ie 

Substituting jEkCUll and (H5) in we obtain 

Z A = Z L - B(e, V ) (17) 



4 Gauge independence of the /3-function 

In this section, we shall compare the evaluation of the 3-point function in 
the two gauges and shall show how the relation (JTJ) , when applied to the 
three-point function, leads to the equality of the /3-functions in the axial 
gauges and the Lorentz gauges in the one loop approximation. We iterate 
that the proof proceeds by rigorous formal arguments which do not ignore 
the essential problem of axial gauges: the pole treatment. 
We consider the relation {TJ for the case when 

O = Al(x)Al(y)Al(z) (18) 
The equation (|T} for this case reads, 
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G^(x,y,z)-G^{x,y,z) 
i Jo dK J Dcj)exp {iSf ff [0, k] + e J d A x{\ AA - cc) } 
• [D^^A^^AKz) + Bose — symmetric terms] 
x fd 4 wc^(w)[d.A^(w) - rj.A^(w)} 
= i f Q dK(([D ll c a (x)A^(y)A1(z) + Bose symmetric terms]Q')) .2?»il (19) 

We shall consider (fT9|) in the momentum space. Let p, q, r be respectively 
the three momenta p + q + r = 0. We shall choose the momenta and the 
two polarization vectors e and e' with the properties e.p = = e.q = e.r] = 
e.r; and e'.r = e'.rj = 0. We shall assume that rj and the momenta un- 
der consideration p, q are linearly independent 4- vectors. Let us now con- 
sider e ll e u e" 7 G^' y (p,q,r]). Considering the fact that e M e y G^f 7 (p, g, 77) is 
quadratic in e and has one free index a, this quantity has the following ten- 
sors appearing in its expansion: 

e 2 p a , e 2 q a , e 2 r] a , e.pe a , e.qe a , and e.r]e a (20) 

Of these, the last three tensors vanish identically. Further, on account of the 
fact that 

e 2 n a e'° = = e 2 {p a + q a )e ,(7 ; 
e fJ, e u e' a G^^ 1 (p, q,n) can be expressed as 

e^e'°GX^(P, q, V) = e 2 e'.(p - q)A(p 2 , q 2 ,p.q, V 2 , rj.p, V .q, e)-^f a ^g 

(21) 

G^f 7 (p, q, rj) involves three external bare propagators, which together with 
factors e M e I V cr lead to an explicit dependence ■ Thus 4 , 

4 Below, by divergence we shall mean the divergence in the unrenormalized Green's 
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Div[e^e'°G^(p,q,r))} 
g f a(3l e 2 e'.(p- q)Div A(p 2 ,q 2 ,p.q,r] 2 ,r].p,ri.q,e) 



j(^2 tyi'i 



A similar argument leads us further to 



Div[e»e»e'°G L ^(p, q)} = g f a ^e 2 e'.(p - q)L(t 



^2 ^2 



(22) 



(23) 



(where the locality of the divergence in Lorentz gauges is already known) and 



Div[e^e'°Rf u 2(p,q, V )} 



go f 01/37 e 2 e'.(p- q)Div R(p 2 ,q 2 ,p.q,r] 2 ,r).p,r].q,e 



r jf* 1 ^' 



(24) 



where the FCfyiPi Q> v) stands for the contribution from the last term in (fT9|) . 

The renormalization constant for the coupling go in 1-loop approxima- 
tion can be extracted by locating the constant divergence in the residue of 
e fJ, e u e' a G^^ 1 (p, q, rj) near its poles at p 2 = 0, q 2 = 0, and r 2 = (Please see 
relations (J2EJ))- 

To find the contributions for i?^J(p, q,rj), we need to find the Feynman 
diagrams for this term. These are as shown in Fig. 2, viz. {fig(2a)-fig(2o)}. 
With each of these, there are also the digrams obtained by appropriate per- 
mutations. Despite a large number of these diagrams, only a few contribute 
to Div[R] of (H 



function in 1-loop approximation that arises from the loop integrations. 
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We shall now proceed to show that as far as the coupling constant renormal- 
ization constant is concerned, only the diagrams 2(e) and 2(f) need to be 
taken into account and that the divergence in these is related to that in the 
diagrams 1(A) and 1(B) taken together (See (TH| ). There are more than one 
ways to deal with this. Before we do this, however, we should recall that all 
the lines in a graph are generally /^-dependent and an integral over k is to be 
done at the end. 

• Diagrams (g),(h),(i),(n) and (o) have a ghost line followed by a gauge- 
boson line with a vertex arising from (|2j). This gauge boson line is 
contracted with the polarization vector of that gauge-boson (which 
is either e or e' depending on the context). The vertex is of the form 
an a + [3s a where a and (3 are some constants and s is the momentum 
of the gauge-boson (See Eq.0). Then, these diagrams vanish because 
of (arj a + (3s a ) e a = 0. The same logic also holds for (m). 

• Alternately, the diagram (h) vanishes, being proportional to (777^ + 
SpJeP = 0. 

• Diagram (I) vanishes by the anti-symmetry of the structure constants. 

• Diagrams (j) and (k) have no poles in p 2 . Similar diagrams obtained 
by permutations have no poles in the respective (momentum) 2 . The 
absence of pole in p 2 is also noted for diagrams (m),(n) and (0) (which 
were already shown to vanish by alternate means). 

• Diagrams (a),(b),(c) and (d) also have no poles in p 2 . This is seen by 
first noting that these diagrams exist at p = followed by a simple 
kinematical analysis. 

This leaves us with diagrams of 2(e) and 2(f) and their permutations. These 
two diagrams add up to 
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i f Q dK[D$ p (p, k) + D* p (p, K)]G^(p, q, r; «) 

Here G° p ^ I a al3 ' y (p, q, r; k) is the bare three point Green's function in the mixed 
action, which consists of the bare three-point vertex (which is independent 
of k) and three K-dependent propagators. We contract this with e^e u e' a and 
note relations such as (See (JBJ)) 



p z + te 



a k — independent expression 



(and two analogous relations), the ^-dependence arising from G°^ r f l ^' r (p, q, r; k) 
drops and we obtain, on simplification, 



feW* £ dK[D* p (p, k) + D* p (p, K)]G° p tl^(p, q, r; 
f dnlD^p, K ) + D B pp (p, «)] x e ^f ~ 2 g) r^o 



K 



ir dKB L K ^ 

y ?7 jo 



2 Jo 



We note that the above expression involves the same 1PI part of diagrams 
as contained in the expression (fT2|) to the 2-point function. We recall that 

m 



Div 



l r 1 



2-A, 



c/kS e, /c 



2\ 1 



1 



B(e,7/) 



(We have already argued why this is a constant independent of p). Thus, 



ie 



»e v e la D 



i x ' 



d4K(p>K) + D *M*)K% aPj (p,<i> 



hp 



Be 2 2 2 J * 

2 p l q A r l 



17 



A similar result holds for diagrams obtained by permutations of x, y, z labels 
as in (fT9|) and thus leads to a net divergent contribution = | Be 2 e p 2g2~ r f f a/3y 9o ■ 
Then (HU leads us to 



Div 



A(p 2 ,q 2 ,p.q,r] 2 ,r].p,rj.q,e) 

A{e, tj) = L(e) + §5(6,77) (25) 



pZ—gZ— r Z—Q 

3 



and thus is a constant. Now, we recall that the 1-loop diagrams for the 
unrenormalized 3-point function consist of those with the vertex modification 
or with a self-energy insertion. This implies, 

A(e, V ) = (Z 1A -1)-3(Z A -1) 

L(e) = (Z 1L -1)-3(Z L -1) (26) 

We combine (2EJ) and with 

Z A = Z L - B(e,rj) 

to find that up to 1-loop approximation, 

(Z lA -Z 1L )-^(Z A -Z L ) = 



This leads to Z gA = Z gLl where we have defined Z gA = ^^-and Z gL = 

Z A ' Z L 

, thus implying the identity of the beta functions in the two gauges in one 
loop order. 
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